Abstract-Disturbances acting on the track-following servo system of an optical disk drive inherently contain significant periodic components that cause tracking errors of a periodic nature. Such disturbances can be effectively rejected by employing a repetitive controller, which must be implemented carefully in consideration of system stability. Plant uncertainty makes it difficult to design a repetitive controller that will improve tracking performance yet preserve system stability. In this paper, we examine the problem of designing a repetitive controller for an optical disk drive track-following servo system with uncertain plant coefficients. We propose a graphical design technique based on the frequency domain analysis of linear interval systems. This design method results in a repetitive controller that will maintain system stability against all admissible plant uncertainties. We show simulation and experimental results to verify the validity of the proposed design method.
repetitive controller and a modified repetitive controller that enhances system stability at the cost of tracking performance at high frequencies, and analyzed the stability conditions for the continuous-time repetitive control systems. Meanwhile, Tomizuka et al. [2] investigated discrete-time repetitive control systems and presented stability analysis and synthesis procedures in the discrete-time domain. Middleton et al. [5] addressed issues regarding discrete-time repetitive control design and implementation and presented some robustness properties. Srinivasan and Shaw [6] examined the absolute and relative stability of repetitive control systems using the regeneration spectrum and showed that their results provide useful insights into design tradeoffs.
Repetitive controllers have been successfully applied to mechanical systems, especially rotational machinery such as disk drive systems, and have proved useful in improving tracking performance by effectively rejecting periodic disturbances [7] - [9] . Most existing approaches, however, have dealt with known systems with no explicit consideration of plant uncertainty. Hence the robustness of the designed repetitive control system against plant uncertainty, which in practice is of great importance, has not been satisfactorily discussed. In addition, the absence of proper guidelines or systematic methods for designing repetitive control systems under plant uncertainties impairs the practical application of repetitive control.
In this paper, we propose a repetitive controller design method for the track-following servo system of an optical disk drive with uncertain plant coefficients. The repetitive controller is installed as an add-on module in the existing track-following servo system wherein the feedback compensator is designed independently of the repetitive controller. The tracking actuator is modeled as a linear time-invariant system whose coefficients are unknown but lie in some known intervals. The repetitive controller for improving tracking performance is designed so that system stability is preserved for all admissible plant uncertainties. The design of the repetitive controller is performed by analyzing the frequency domain properties of the uncertain plant, and Nyquist plots play a central role throughout the design phase. The feasibility of the proposed design technique is shown by simulation and experimental results.
The remainder of this paper is organized as follows. Section II gives a brief introduction to the optical disk drive track-following servo system and formulates the problem. In Section III, frequency domain properties of linear interval systems are reviewed and a repetitive controller design preserving closed-loop stability for all plant uncertainties is proposed. In Section IV, the experimental plant is modeled and a repetitive controller is designed. Additionally, digital implementation of the servo system is described and several simulation and experimental results are presented. Section V concludes the paper.
II. SYSTEM DESCRIPTION
Requirements for acceleration capability and operating range of the servomechanism dictate the bandwidth and physical size of an actuator. With a single-stage actuator, it is almost impossible to meet both requirements in optical disk drives. In most cases, therefore, a compound actuator composed of a high-bandwidth fine actuator mounted on top of a large coarse actuator is used in optical disk drive systems. The coarse actuator provides a large operating range at the sacrifice of bandwidth. In contrast, the fine actuator, with a much smaller structure and a limited range, is capable of following high-frequency commands. Because the role of the coarse actuator in track-following mode is simply to move the fine actuator slowly over the operating range, tracking performance is almost entirely dependent on how accurately the fine actuator is controlled. Therefore, the literature usually considers only the fine actuator in the design of the track-following controller. Fig. 1 shows the block diagram of a typical optical disk drive track-following servo system. The system consists of an optical position sensor, a high-bandwidth tracking actuator, a feedback compensator, and filter and amplifier circuits. The difference between the track position and the spot position is detected by the optical sensor and is then fed to the feedback compensator via a gain . Neither the track position nor the actual spot position is available as a signal; only the signal , tracking error amplified by , is measurable. The desired track to be followed by the beam spot moves radially under the direct influence of disturbances. Thus the track-following servo system can be diagrammed equivalently, as shown in Fig. 2 . The equivalent model will be used in the simulations.
The tracking actuator that moves the optical lens in the radial direction is a voice-coil-motor driven by a current amplifier. A linear system model is usually adopted to describe the actuator. Although a mathematical model might adequately describe the behavior of the plant, unavoidable modeling errors always exist. For one thing, the characteristics of actuators vary slightly with drives. In addition, plant parameters of an actuator may even change because of a change in the operating environment-for example, a variation in disk reflection rate from disk to disk. Nevertheless, it is reasonable to assume that each plant parameter is known to the extent that it lies in some interval, that is, the uncertain parameter varies over a range about a nominal value. Suppose that, in consideration of the uncertainty, the tracking actuator is described as (1) where the coefficients lie within given ranges and
The plant uncertainty is expressed in terms of transfer function coefficients. The interval plant (1) is stable and of minimum phase, despite the presence of uncertain coefficients, because the actual tracking actuator is a mechanically stable minimumphase system. However, it should be pointed out that this is not a requisite for our design approach. Design specifications such as maximum allowable tracking error and information on extraneous disturbances are given. Then, the required closed-loop bandwidth, loop gain, etc., are calculated, and the feedback compensator is designed so as to satisfy the requirements. Since the design of such a feedback compensator has been fully dealt with in the existing control literature and it is not of concern in this paper, we focus only on the design of the repetitive controller by assuming that a well-designed feedback compensator is given.
The repetitive controller is added to the existing track-following servo system as an add-on module as shown in Fig. 3 .
is a low-pass filter needed to guarantee system stability and is the period of the disturbance signal, i.e., the time for one spindle rotation. Note that is equivalent to the modified repetitive controller with as proposed by Hara et al. [1] . A brief remark on the choice of will be made in the next section. The low-pass filter should be appropriately chosen so that good tracking performance is obtained without resultant system instability. Consequently, the repetitive control design for the uncertain track-following servo system is reduced to the problem of designing a low-pass filter so that the repetitive track-following servo system yields improved tracking accuracy and ensures system stability for all members of the family of plants described in (1) and (2).
III. REPETITIVE CONTROLLER DESIGN
Consider the repetitive control system shown in Fig. 3 . Applying the stability condition obtained in [1] to the system yields the following proposition. 
Proposition 1:
In the repetitive track-following servo system shown in Fig. 3 , if 1) the closed-loop system without the repetitive controller, i.e., , is stable; 2)
, where then the system is exponentially stable.
Proposition 1 has a nice graphical interpretation. Because both controller and plant are stable, has no unstable poles. The repetitive control system is therefore exponentially stable if the Nyquist plot of does not encircle the point and lies outside the circle of radius centered at the point in the complex plane. In our system, the first condition is supposed to be satisfied as the existing feedback compensator is designed to guarantee closed-loop stability. Thus the stability of the repetitive control system is ensured if the Nyquist plot of remains outside the circle, as shown in Fig. 4 . In other words, the low-pass filter should be chosen so that the Nyquist plot of remains outside the circle for all frequencies. If the plant is precisely known, an adequate can be found with no significant difficulty. When parametric plant uncertainty is included, however, the design of becomes difficult because the plant uncertainty makes it complicated to investigate the behavior of the transfer function . Before proceeding further, we need to review some frequency domain properties of systems containing uncertain parameters. For more information, see [3] and [4] . Define the interval polynomial sets and the corresponding set of interval systems
The extremal systems of are defined as , the boundary of the image set of interval systems (3) is contained in the corresponding image set of the extremal systems. In addition, the following property: also holds for any transfer function with fixed coefficients. These properties furnish a useful means for analyzing the behavior of interval control systems in the frequency domain. For instance, consider the plant and controller where the plant parameters vary as Fig. 5 shows the Nyquist templates of transfer function set around the critical point. It is apparent that the controller provides robust stability as the Nyquist envelope by which the Nyquist plots of are bounded does not encircle . The above results give a crucial clue in designing repetitive controllers that maintain system stability despite plant uncertainty. Suppose that the existing track-following servo system meets condition (1) in Proposition 1. The following proposition is then obvious from the aforementioned frequency domain properties of interval systems.
Proposition 2: The repetitive track-following servo system shown in Fig. 3 is exponentially stable for all plant uncertainties if where and are the extremal systems of the interval plant (1). Geometrically speaking, the stability of the uncertain repetitive track-following servo system is assured if the image of lies outside the circle shown in Fig. 4 for all frequencies. Consequently, we obtain the following procedure to design a repetitive controller without making the closedloop system unstable under parametric plant uncertainty.
Step 1) Construct the Nyquist templates of .
Step 2) Find the frequency at which the Nyquist templates first contact the unit circle centered at the point. Denote it by .
Step 3) Choose a suitable cutoff frequency of lower than .
Step 4) Choose the order of so that sufficient roll-off at higher frequencies is obtained to meet the stability condition in Proposition 2. Remark 1: Proposition 2 is a generalized version of Proposition 1. This allows for parametric plant uncertainty and thus boils down to Proposition 1 in the case of a precisely known plant. Regarding the Nyquist templates of interval systems as the usual Nyquist plots, we can design the repetitive controller for uncertain systems in much the same way as we can for systems with known coefficients. The stability condition becomes milder as approaches zero, so that a lower cutoff frequency of is preferred for system stability. A low cutoff frequency, however, deteriorates tracking accuracy because system poles considerably deviate by from those desired for precise tracking. As a result, the selection of needs to be considered, both for system stability and tracking accuracy.
Remark 2:
It is difficult to quantitatively analyze the effect of the phase-lag induced by the filter on tracking performance. However, from the fact that the ideal for perfect tracking is one, i.e., no filtering, we can intuitively anticipate that a first-order filter will lead to better performance than any other higher-order filters, as long as their cutoff frequencies are identical. Also, a filter with a higher cutoff frequency will yield better performance than a filter with a lower cutoff frequency, provided their orders are the same. In some cases, however, the choice of is not straightforward and simulations are needed to choose the most appropriate filter. For example, if measurement is seriously contaminated by high-frequency noise, a higher roll-off may be needed to improve performance, depending upon the frequency content of the noise relative to that of the disturbance signal. In addition, suppose that the stability of a repetitive control system is guaranteed by a firstorder filter with a cutoff frequency , and is also guaranteed by a second-order filter with a cutoff frequency . Then it is not clear which filter will provide better accuracy; hence we need to perform simulations to compare their effects.
Remark 3: Suppose that we have an additional compensator in the repetitive controller, as proposed in [1] . The above design method also applies in this case, provided the stability condition in Proposition 2 is modified as 1) is stable; 2)
Unlike the case where , condition (1) is not always guaranteed by the existing servo system, and so it should be examined. The inspection is not simple because of the plant uncertainty and might require the construction of the Nyquist templates of . In addition, we need to determine the boundary of the image set of : instead of for the design of . These requirements make the controller design somewhat complicated. On the other hand, how to select and what is gained by the added compensator at the cost of design simplicity are not intuitively clear, which motivates our omission of .
IV. SIMULATION AND EXPERIMENTAL RESULTS

A. Plant Model
In the experimental optical disk drive, the disk with a track width of 1 m rotates at 1800 r/min. The behavior of the tracking actuator is well approximated by the secondorder system at low frequencies. The resonance mode and the damping ratio of the actuator are approximately 38 Hz and 0.05, respectively. According to the data sheet, these values vary within 10% on either side of their nominal values. The disk reflection rate also varies from disk to disk acting as the primary cause of actuator gain variation. In consideration of these uncertainties, the tracking actuator is described by 
B. Controller Design
The control objective is to maintain the tracking error within 0.05 m against various disturbances bounded by a prescribed limit. To this end, a servo bandwidth of 1.8-2 KHz is required, together with a loop gain exceeding 70 dB in the low-frequency region. The existing feedback compensator that meets these requirements and provides sufficient gain and phase margins is a lead-lag compensator expressed by . It is evident that the feedback compensator (6) robustly stabilizes the system for all admissible parametric uncertainties. The smallest distance between the point and the Nyquist templates at each frequency is shown in Fig. 7 . The distance gradually decreases as frequency increases and becomes less than unity at around 760 Hz. In view of stability, the cutoff frequency of should therefore be lower than 760 Hz. It seems that 600 Hz is a reasonable choice since most periodic disturbances are expected to lie within the band. This choice considers the fact that the spindle rotates at 30 Hz; a small amount of stability margin is still guaranteed, even in the worst case. What remains is to choose the order of so that the stability condition is guaranteed in the higher frequency region. Fig. 7 reveals that the distance approaches the minimum value of nearly 0.85 at around 7 KHz. Let the filter be (7) Fig. 6 . Nyquist templates of G(s). whose magnitude rolls off at the rate of 20 dB/decade above 600 Hz. Then it is readily seen that with the first-order filter (7), sufficient roll-off required for the stability in the high frequency region is obtained, as at 7 KHz. Finally, we get a repetitive controller , which has the transfer function (8) The effects that the designed repetitive controller has on the existing servo system can be investigated by the Bode plots of loop gain with and without shown in Fig. 8 . In constructing both plots, the nominal plant model, whose coefficients are center values of each interval, is used. The major characteristics of the repetitive controller, such as effective rejection of periodic disturbances and reduction of stability margin, are clearly seen from the plots. Note that the added repetitive controller increases the loop gain at particular frequencies, integral multiples of 30 Hz, maintaining a relatively unchanged gain at other frequencies. Let us consider the sensitivity function, i.e., the transfer function from disturbance input to tracking error, which is of primary importance in judging the performance of feedback control systems. Gain increase at particular frequencies leads to a decrease in sensitivity at these frequencies. This implies that the periodic disturbances appearing at multiples of 30 Hz are more strongly attenuated by the repetitive controller than nonperiodic disturbances. In addition, a gain increase along with phase fluctuation at such frequencies apparently reduces gain and phase margins, which is the price to be paid for improved tracking accuracy at specific frequencies.
C. Simulation Studies
In simulations, the signal shown in Fig. 9 was used as the disturbance input. The disturbance signal comprises a constant signal, eight out-of-phase sinusoidal signals from the first to the eighth harmonics of the spindle frequency, 30 Hz, and small sinusoidal signals that are not harmonics of the spindle frequency. To compare tracking performances with and without the repetitive controller, the repetitive controller was turned on after the sixth cycle (i.e., at 0.2 s). Fig. 10(a) shows the tracking error obtained by simulation when the previously designed repetitive controller was employed. It is obvious that the tracking error is drastically reduced after the application of the repetitive controller, though nonzero error remains to exist. To examine the effect of the low-pass filter on tracking performance, an additional simulation was performed using a second-order low-pass filter given by (9) This filter (9) has the same cutoff frequency as the firstorder filter (7), whereas (9) rolls off faster above the cutoff frequency. Hence, the repetitive controller with filter (9) obviously satisfies the stability condition in Proposition 2. We can anticipate that this new repetitive controller might give rise to deteriorated performance due to the fact that the ideal for perfect tracking is one. The simulation result is shown in Fig. 10(b) . As expected, degraded tracking performance is achieved when compared with the previous result. This exemplifies the tradeoff relation between stability robustness and tracking performance in the repetitive control system.
D. Experimental Results
The designed repetitive controller was implemented on a floating-point 32-bit Motorola digital signal processor DSP96002 running at 33 MHz. The DSP96002 performs 16.5 million instructions per second and has a highly parallel instruction set, which facilitates the realization of digital controllers. Actually, the powerful computation capabilities of the floating-point DSP are unnecessary when only implementing the repetitive controller which is of very simple structure. In the experimental setup, all optical disk drive servo systems (e.g., focus servo and track seeking system), including the repetitive track-following servo system, were implemented digitally on the DSP96002. The feedback compensator and repetitive controller designed in the continuous-time domain were discretized by the matched pole-zero mapping method, which involves no aliasing and preserves the general shape of the frequency response [10] . Fig. 11 gives the schematic diagram of the experimental digital servo system that we developed. It consists of a DSP, RAM, and ROM to store the control program and data, a timing function to generate interrupts to the DSP, 12-bit D/A converters to convert the drive commands to analog signals, 12-bit A/D converters to obtain positioning information, and analog circuits to drive the actuators. All control algorithms were written in DSP96002 assembly language for complete utilization of functions available in the DSP96002. The control program was executed at a sampling rate of 33 KHz.
In the experiment, the repetitive controller was turned on at 0.2 s, as was also done in the simulations. Fig. 12 shows the amplified tracking error signal . Like the simulation results, the amplitude of the tracking error signal is apparently reduced after the application of the repetitive controller and remains within the tolerable limit. Fig. 13 revealing the spectrum of the amplified tracking error signal provides a more quantitative analysis result. Unlike the simulations, nonperiodic disturbances, random noise, and high-frequency digital noise, as well as periodic disturbances, affect the experiment; periodic disturbances, however, are dominant. This analysis indicates that the added repetitive controller reduces the tracking error remarkably in frequencies of 30, 60, 90, and 120 Hz, which leads to the improved tracking accuracy. We also performed experiments using with lower cutoff frequencies and obtained similar results when the cutoff frequency was higher than 180 Hz. This fact implies that the frequency components of the disturbance up to fifth or sixth harmonics of the fundamental frequency most crucially affect tracking performance; therefore the cutoff frequency of does not need to be much higher than the fundamental frequency. Since data read-back error drastically decreases as tracking error decreases, we can conclude that the repetitive controller provides more tangible read-back reliability.
V. CONCLUDING REMARKS
This paper considered the problem of a repetitive controller design for an uncertain track-following servo system of an optical disk drive. We presented a graphical design technique based on the frequency domain analysis of linear interval systems to achieve a repetitive controller that preserves system stability for all admissible plant uncertainties. We designed a repetitive controller for an experimental optical disk drive and performed several simulations and experiments to verify the validity of the proposed design method. Because our approach is based on graphical inspection of the Nyquist envelope, the design procedure was simple and intuitive. Moreover, the relative stability as well as the absolute stability of uncertain repetitive control systems can be easily investigated. The proposed design method can also be applied to hard disk drives or more general servo systems, though we only dealt with optical disk drives.
